Some algebraic and geometric properties of hyper-K\"ahler fourfold
  symmetries by Boissière, Samuel et al.
ar
X
iv
:1
90
2.
01
68
5v
3 
 [m
ath
.A
G]
  1
5 J
an
 20
20
SOME ALGEBRAIC AND GEOMETRIC PROPERTIES OF
HYPER-KA¨HLER FOURFOLD SYMMETRIES
SAMUEL BOISSIE`RE, MARC NIEPER-WISSKIRCHEN, AND KE´VIN TARI
Abstract. We complete the classification of order 5 nonsymplectic automor-
phisms on hyper-Ka¨hler fourfolds deformation equivalent to the Hilbert square
of a K3 surface. We then compute the topological Lefschetz number of natural
automorphisms of generalized Kummer fourfolds and we describe the geometry
of their fix loci.
1. Introduction
Hyper-Ka¨hler manifolds, or equivalently irreducible holomorphic symplectic (IHS)
manifolds, are traditionally labelled by their deformation type, which encodes most
of the significant features of the manifold. Currently, four deformation types have
been exhibited, named after a representative of each class: the Hilbert scheme of
n points on a K3 surface, for any n ≥ 1; the n-th generalized Kummer variety of
an abelian surface, for any n ≥ 2; the O’Grady variety OG6; the O’Grady variety
OG10. The present paper focuses on hyper-Ka¨hler fourfolds of Hilbert and of Kum-
mer type, and the topic of interest concerns the classification of the biholomorphic
automorphisms of these manifolds.
As for K3 surfaces, the approach for the classification of automorphisms of IHS
manifolds is twofold: first a lattice-theoretical classification of the invariant sub-
lattice and of its orthogonal complement inside the second cohomology space with
integer coefficients, endowed with the Beauville–Bogomolov–Fujiki quadratic form;
then a description of the fix locus of the automorphism which, whenever it is
nonempty, is smooth and has usually several connected components of different
dimensions.
In the last years, many authors have contributed to the classification of prime
order automorphisms on the two families of IHS manifolds in issue here. We re-
fer to [7, §1],[17, §1] and references therein for a more detailed introduction of
the contribution of each author. So far the classification of order 5 nonsymplectic
automorphisms on the family of the Hilbert square of a K3 surface had still re-
mained incomplete due to the lack of an algebraic ingredient (Theorem 2.2). Using
this result, in Theorem 3.1 we complete the classification of order 5 nonsymplectic
automorphisms on the deformation class of the Hilbert square of a K3 surface.
In the second part of this note, we describe the fix locus of natural automor-
phisms on generalized Kummer fourfolds, which are the automorphisms coming
from the underlying abelian surface. We first give in Proposition 4.1 a generating
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formula for the topological Lefschetz number of these automorphisms. A similar
formula already appeared in [9] but the formula given there is not correct when
the automorphism contains a nontrivial translation. We correct the formula here
and we give a complete proof, which requires substantial work to take care of the
missing factor. As an application, we discuss in Section 4.3 the fix loci of natural
automorphisms on generalized Kummer fourfolds, whose action on cohomology has
prime order.
Acknowledgements. The authors warmly thank Simon Brandhorst, Chiara Camere,
Paolo Menegatti and Alessandra Sarti for helpful comments, enlightening discus-
sions and precious help during the preparation of this work. We express all our
gratitude to the anonymous referee for their very careful reading and valuable ob-
servations.
2. Prime order isometries of integral lattices
A lattice L is a free Z-module equiped with a nondegenerate symmetric bilinear
form 〈·, ·〉L with integer values. Its dual lattice is L
∨ := HomZ(L,Z). Clearly L is
a sublattice of L∨ of equal rank, so the discriminant group DL := L
∨/L is a finite
abelian group, whose order discr(L) is called the discriminant of L. The lattice L
is called unimodular if discr(L) = 1. A sublattice M ⊂ L is called primitive if the
quotient L/M is a free Z-module; it is called p-elementary for some prime number p
if DM ∼= (Z/pZ)
⊕a for some positive integer a.
In the sequel, we will use the lattices E8(−1) and A4(−1), which are the oppo-
sites of the usual positive definite root lattices, the hyperbolic plane U , the rank
two lattice H5 with Gram matrix
(
2 1
1 −2
)
, the lattice A∗4(−5) which is the dual
lattice of A4 with intersection form multiplied by −5, and the rank one lattice 〈−2〉
generated by an element of square −2. Notation ZpZ (q), with q ∈ Q/2Z, means a
finite quadratic form generated by an element of square q, we refer to Nikulin [21]
for deeper reading.
Let ϕ ∈ O(L) be an isometry of L, of prime order p. The invariant subspace:
Tϕ := ker(ϕ− idL),
is a primitive sublattice of L, since the restriction of the bilinear form to Tϕ is
nondegenerate. Its orthogonal complement:
Sϕ := T
⊥,
is also a primitive sublattice of L. Denote by ξp a primitive p-th root of unity,
by K := Q(ξp) the p-th cyclotomic field and by OK = Z[ξp] its ring of algebraic
integers. It is easy to check that Sϕ = ker (Φp(ϕ)), where Φp is the p-th cyclotomic
polynomial, so Sϕ ⊗Z Q is endowed with the structure of a finite-dimensional K-
vector space. As a consequence, there exists a nonnegative integer mϕ such that:
rankZ Sϕ = dimQ Sϕ ⊗Z Q = (p− 1)mϕ.
Proposition 2.1. Let L be an integral lattice and ϕ ∈ O(L) an isometry of prime
order p. There exists a nonnegative integer aϕ such that
L
Tϕ⊕Sϕ
∼=
(
Z
pZ
)⊕aϕ
and
we have aϕ ≤ mϕ.
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It is not difficult to see that LTϕ⊕Sϕ is a p-torsion module (see [6, Lemma 3.1],
[24, Lemme 2.9]). The property aϕ ≤ mϕ was first proved in [1, Theorem 2.1(c)] in
the context of isometries of K3 lattices and then in [7, Corollary 3.7] in the context
of isometries of hyper-Ka¨hler manifolds of K3[2]-type, but only for p /∈ {5, 23}. The
above statement is a very useful generalization of these properties, whose proof
first appeared in the third author’s PhD thesis [24, The´ore`me 2.18], see also [17,
Lemma 1.8].
Theorem 2.2. Let L be an integral lattice and ϕ ∈ O(L) an isometry of prime
order p 6= 2. The integer pmϕ discr(Sϕ) is a square.
This result first appeared in this context in [6, Equation (2)], in the special case
mϕ = 1, based on results of Bayer–Flu¨ckiger [3]. It was generalized in the third
author’s PhD thesis [24, The´ore`me 2.23] by an induction argument. A more general
statement, with a shorter proof, is given by Bayer–Flu¨ckiger [4, Proposition 5.1]:
to apply it to our situation, simply observe that the characteristic polynomial of
the restriction of ϕ to Sϕ ⊗Z Q is Φ
mϕ
p .
Corollary 2.3. Under the assumptions of Theorem 2.2, if furthermore the lattice L
is unimodular, then discr(Sϕ) = p
aϕ and aϕ ≡ mϕ mod (2).
Proof. If L is unimodular, then DSϕ
∼= DTϕ
∼=
(
Z
pZ
)⊕aϕ
so discr(Sϕ) = p
aϕ (see [2,
§I.2]), hence by Theorem 2.2, the number aϕ +mϕ is even. 
3. Order five symmetries of the Hilbert square of a K3 surface
Let X be a projective irreducible holomorphic symplectic manifold, deforma-
tion equivalent to the Hilbert square of a K3 surface. We recall that the second
cohomology group with integer coefficients H2(X,Z) is a rank 23 lattice for the
Beauville–Bogomolov–Fujiki quadratic form, which is isometric to the lattice:
L := U⊕3 ⊕ E8(−1)
⊕2 ⊕ 〈−2〉.
Let f ∈ Aut(X) be a nonsymplectic biholomorphic automorphism of prime order
p. It is easy to see that 2 ≤ p ≤ 23 (see [10, §5.4]). We consider the isometry ϕ := f∗
induced by f on the lattice H2(X,Z). In the sequel we write m, a, S, T instead of
mϕ, aϕ, Sϕ, Tϕ. Since the representation:
Aut(X)→ O(H2(X,Z)), f 7→ (f∗)−1
is faithful, nonsymplectic prime order automorphisms are classified by the data of
the invariant lattice T of ϕ and its orthogonal complement S. For 2 ≤ p ≤ 19 and
p 6= 5 the classification is given in [7], for p = 23 it is given in [6]. The study of the
case p = 5 was not finished in [7, Table 2] since it was not proven that the list was
complete, see [7, Remark 6.1]. The goal of our first main result is to fill this gap:
it requires the tools developed in the previous section.
Theorem 3.1. Let f be an order five nonsymplectic automorphism acting on an
irreducible holomorphic symplectic manifold, deformation equivalent to the Hilbert
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square of a K3 surface. Then its invariant lattice T and its orthogonal comple-
ment S are one of the following:
m a S T
1 1 U ⊕H5 E8(−1)
⊕2 ⊕H5 ⊕ 〈−2〉
2 2 U ⊕H5 ⊕A4(−1) E8(−1)⊕H5 ⊕A4(−1)⊕ 〈−2〉
3 1 U ⊕ E8(−1)⊕H5 E8(−1)⊕H5 ⊕ 〈−2〉
3 3 U ⊕H5 ⊕A4(−1)
⊕2 H5 ⊕A4(−1)
⊕2 ⊕ 〈−2〉
4 2 U ⊕ E8(−1)⊕H5 ⊕A4(−1) H5 ⊕A4(−1)⊕ 〈−2〉
4 4 U(5)⊕ E8(−1)⊕H5 ⊕A4(−1) H5 ⊕A
∗
4(−5)⊕ 〈−2〉
5 1 U ⊕ E8(−1)
⊕2 ⊕H5 H5 ⊕ 〈−2〉
5 3 U ⊕ E8(−1)⊕H5 ⊕A4(−1)
⊕2 U(5)⊕ 〈−10〉
This result first appeared in the third author’s PhD thesis [24, The´ore`me 3.24]
(note that there is a typo there on case (4, 2), that case (5, 3) was missing and
that in case (4, 4) we have U(5)⊕A4(−1) ∼= U ⊕A4(−5)
∗, showing that our result
matches what is written there; the lattices reproduced here are those of [7, Table 2]).
Proof. We start by dressing a list of all possible values of the pair of invari-
ants (m, a). For this, we use several results from various other sources to narrow
down the list of possibilities. By [10, Lemma 5.5], the discriminant group of the
lattice S is necessarily DS ∼= (Z/5Z)
⊕a
, so Theorem 2.2 gives the relation:
a ≡ m mod (2).
By Proposition 2.1, we have a ≤ m and 4m = rankZ S ≤ 23, so 1 ≤ m ≤ 5 and
moreover, by [10, Proposition 4.13] we have also a ≤ 23− 4m. This gives a first list
of possible pairs (m, a):
(1, 1), (2, 0), (2, 2), (3, 1), (3, 3), (4, 0), (4, 2), (4, 4), (5, 1), (5, 3).
Again by [10, Lemma 5.5], the lattice S has signature (2, 4m− 2), the lattice T is
hyperbolic and DT ∼= Z/2Z⊕DS . Since:
rankZ S = 4m ≥ 3 +m ≥ 3 + a,
we can apply Nikulin’s results on orthogonal decomposition of lattices [21, Corol-
lary 1.13.5]: the lattice S decomposes as S = U⊕S′ for some 5-elementary lattice S′
of signature (1, 4m− 3) and discriminant group (Z/5Z)
⊕a
. Applying the classifica-
tion theorem of Rudakov–Shafarevich [23, Section 1] we get that such a lattice S′
exists for each value of (m, a) listed aboved, except (2, 0) and (4, 0), and that this
lattice is unique with these invariants if m ≥ 2. For m = 1, uniqueness comes from
the classification of binary quadratic forms [15, Table 15.2a, p. 362]. The genus of
the lattice T , which is the orthogonal complement of S for its unique embedding
in H2(X,Z), is characterized by [21, Proposition 1.15.1]. In each case but one, the
isometry class of T is determined by [15, Corollary 22, p. 395].
The only missing case is (m, a) = (5, 3). The lattice S is isometric to:
U ⊕ E8(−1)⊕H5 ⊕A4(−1)
⊕2,
so the discriminant form of S is isomorphic to:
Z
5Z
(
2
5
)
⊕
Z
5Z
(
−4
5
)
⊕
Z
5Z
(
−4
5
)
.
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To prove that this lattice admits a primitive embedding in L ∼= H2(X,Z), we apply
Nikulin’s results on primitive embeddings [21, Proposition 1.15.1], here in a quite
easy situation. By [7, Proposition 2.7 and its proof], the existence of a primitive
embedding of S in L is equivalent to the existence of a lattice whose signature and
discriminant form are those of an orthogonal complement of S in L, here a lattice
of signature (1, 2) and discriminant form isomorphic to:
Z
5Z
(
−2
5
)
⊕
Z
5Z
(
4
5
)
⊕
Z
5Z
(
4
5
)
⊕
Z
2Z
(
−1
2
)
.
An easy computation shows that the lattice U(5) ⊕ 〈−10〉 satisfies these require-
ments, so S admits a primitive embedding in L and, again by [7, Proposition 2.7],
the embedding is unique up to an isometry of L. 
Using [1, Theorem 5.3] we see that each case of the classification but the case
(m, a) = (5, 3) is geometrically realized by an automorphism of the Hilbert square of
a K3 surface, induced by an order five nonsymplectic automorphism of the underly-
ing surface. We refer to [7, §6.1] for a geometric description of these automorphisms.
Following the terminology of [7, Definition 4.1], for X deformation equivalent to the
Hilbert square Σ[2] of a K3 surface Σ, an automorphism f of X is called natural if
the pair (X, f) deforms to a pair (Σ[2], σ[2]), where σ is an automorphism of Σ. One
of the main questions in the study of automorphisms of this kind of varieties is to
find out whether they admit nonnatural automorphisms, meaning that they have
nonexpected symmetries beyond those of the geometric objects they are built on.
Natural automorphisms are easy to detect from the isometry class of their invari-
ant lattice, whose orthogonal decomposition has a 〈−2〉 factor. In a similar spirit,
following the terminology of [14, 18], an automorphism is called (twisted) induced
if it deforms to an automorphism of a (twisted) moduli space of stable sheaves
over a K3 surface, with fixed Mukai vector, where the automorphism comes from
the underlying K3 surface. This construction permits to realize geometrically more
examples whose existence is proven using lattice theory.
Example 3.2. The following geometric realization of the case (m, a) = (5, 3) has
been communicated to us by Chiara Camere. We refer to [14, §2.3] for an overview
on moduli spaces of twisted sheaves; we follow the presentation given there. Similar
examples are given in [13]. By [1, §5], there exists a projective K3 surface S with
an order five nonsymplectic automorphism σ with invariant lattice isometric to the
lattice H5. Furthermore, denoting by H the generator with square H
2 = 2 of this
lattice, we may assume that H is ample. Generically in the moduli space of such
pairs (S, σ), the Picard group of S is equal to the invariant lattice of σ, hence
isometric to the lattice H5, and its transcendental lattice T(S) is thus isometric to:
H5 ⊕ U ⊕ E8(−1)
⊕2.
Denote by e the first generator of the summand U in this decomposition. The sur-
jective morphism α : T(S)→ Z/5Z given by intersecting with e defines an order 5
element in the Brauer group H2(O∗S) of S, that we still denote α. Consider the
Mukai lattice:
H∗(S,Z) := H0(S,Z)⊕H2(S,Z)⊕H4(S,Z),
equipped with the pairing (r,H, s)·(r′, H ′, s′) = H ·H ′−rs′−r′s. We take the B-field
B := e5 and the twisted Mukai vector vB := (0, H, 0) ∈ H
∗(S,Z). The moduli space
MvB (S, α) of stable α-twisted coherent sheaves on S, with twisted Mukai vector vB
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is an IHS manifold deformation equivalent to the Hilbert square of a K3 surface, and
σ induces an order five nonsymplectic automorphism f on it. We want to check that
this automorphism corresponds to the case (m, a) = (5, 3). For this we compute
its invariant lattice, which is generically the intersection of v⊥B with the sublattice
of the Mukai lattice generated by Pic(S) and the classes (0, 0, 1) and (5, e, 0). An
easy computation shows that these last two classes are orthogonal to Pic(S) and
generate a sublattice isometric to U(5) and contained in v⊥B , so the computation
reduces to computing the orthogonal complement of the class H in Pic(S), which
is a lattice isometric to 〈−10〉. As a consequence, the invariant lattice of the action
of σ on MvB (S, α) is isometric to U(5) ⊕ 〈−10〉 and thus corresponds to the case
(m, a) = (5, 3).
As a conclusion, the following result shows that not only each case of the clas-
sification can be geometrically realize as above, but any variety with such an au-
tomorphism deforms equivariantly to those. This answers the open question [7,
Remark 6.1]:
Corollary 3.3. Every order five nonsymplectic automorphism, acting on an ir-
reducible holomorphic symplectic manifold deformation equivalent to the Hilbert
square of a K3 surface is natural if (m, a) 6= (5, 3) and is twisted induced otherwise.
Proof. Assume first that (m, a) 6= (5, 3). By [7, Corollary 5.7], the action ϕ := f∗
of the automorphism on H2(X,Z), hence f itself, is uniquely determined by the
lattices S and T . By [8, Theorem 4.5, Section 5.3, Theorem 5.6, Section 7.1] the
moduli spaces of lattice polarized nonsymplectic automorphisms considered here
are connected (in the case (m, a) = (1, 1) it is a point), and since each case is
already realized by an automorphism coming from a K3 surface, this proves the
statement.
A similar argument shows that, in the case (m, a) = (5, 3), every automorphism
deforms to a twisted induced one. The tricky point consists in proving that the
lattice S given in the table determines the action of ϕ, up to conjugation by an
isometry of S. For this we use a recent work of Brandhorst–Cattaneo [11]. The
order five isometry ϕ = f∗ acts fixed point free on the lattice S, so its minimal
polynomial is Φ5. The minimal polynomial of ϕ + ϕ
−1 is thus X2 +X − 1, so its
action on SR := S ⊗Z R admits an orthogonal decomposition:
SR = SR(α1)⊕ SR(α2),
where SR(αi) is the eigenspace of ϕ + ϕ
−1 for the real eigenvalue ξi5 + ξ
−i
5 . Both
spaces have dimension 10. Since SR has signature (2, 18), the spaces SR(αi) have
necessarily signatures (2, 8) and (0, 10). The negative parts (8, 10) define the sig-
natures of the Z[ξ5]-lattice associated to the action of ϕ on S. Taking ϕ
2 instead
of ϕ simply permutes the signatures. As explained in [11, Proposition 2.10] (here
the Steinitz class is trivial), it follows that there exists a unique conjugacy class of
subgroups generated by a fixed point free isometry of order five on the lattice S. 
4. Natural automorphisms of Kummer fourfolds
4.1. Generalized Kummer varieties. Let A be a two-dimensional complex torus
with origin 0 ∈ A. Let A(n) be the n-th symmetric power of A, s : A(n) → A the
summation morphism and π : An → A(n) the quotient morphism. Let A[n] be the
HYPER-KA¨HLER FOURFOLD SYMMETRIES 7
Hilbert scheme of n points on A, ρ : A[n] → A(n) the Hilbert–Chow morphism and
put σ := s ◦ ρ.
The n-th generalized Kummer variety of A is the fibre AJnK := σ−1(0). It fits
into the following cartesian diagram:
(4.1) A×AJnK
ν
//
p

A[n]
σ

A
n
// A
where p is the projection onto the first factor, n : A → A is multiplication by n
and ν : A × AJnK → A[n], (a, ξ) 7→ a + ξ is a Galois covering with Galois group
Gn = Tn(A), the finite abelian group of n-torsion points on A. Here, Gn acts on
A× AJnK by g · (a, ξ) = (a − g, g + ξ). The variety AJnK is a projective irreducible
holomorphic symplectic manifold of dimension 2n− 2.
4.2. Topological Lefschetz numbers. Let ψ : A → A be an automorphism of
the complex manifold A. It decomposes as ψ(x) = b + h(x) = (tb ◦ h)(x) for some
b ∈ A, where tb denotes the translation by b and h : A → A is an isomorphism of
complex Lie groups, both uniquely determined. It naturally induces an isomorphism
ψ[n] : A[n] → A[n]. If we further assume that b ∈ Tn(A), the restriction of ψ
[n]
induces an automorphism ψJnK : AJnK → AJnK.
We are interested in the topological Lefschetz number:
L(ψJnK) =
∑
k≥0
(−1)k tr
(
(ψJnK)∗|Hk(AJnK,C)
)
.
The rough idea (see [19] for a similar idea) is to compute it by the relation:
L(ψ)L(ψJnK) = L(ψ × ψJnK).
Since L(ψ) may be zero, we replace the Lefschetz number L(f) of an automorphism
f : X → X of a projective variety X by the polynomial trace:
L(f, q) :=
∑
k≥0
(−1)k tr
(
f∗|Hk(X,C)
)
qk,
which is always invertible in CJqK. Evaluating at q = 1, we recover the usual
topological Lefschetz number.
In our situation, since translations on A are homotopic to the identity, they act
trivially on the cohomology groups of A, hence L(ψ, q) = L(h, q). But for n ≥ 2,
in general L(ψJnK) 6= L(hJnK), since although translations by n-torsion points do
act trivially on H2(AJnK,C) (see [9, Corollary 5]) they act nontrivially on the whole
cohomology space of AJnK, as observed in [22, Theorem 1.3].
The third author noticed that there is a mistake in the proof of [9, Proposition 7]
giving a formula for the Lefschetz number of natural automorphisms of generalized
Kummer varieties. Actually, the formula itself is not always true when the au-
tomorphism contains a nontrivial translation. In the sequel we state the correct
formula and we give a complete proof.
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Proposition 4.1. Let ψ ∈ Aut(A), decomposed as ψ = tb ◦ h with b ∈ Tn(A), and
Ψ := ψ∗ : H1(A,C)→ H1(A,C). Then:
∑
n≥0
L(ψJnK, q)q−2ntn =
1
L(ψ, q)
∑
χ∈(G∨n)
h
χ(b)
∏
v≥1
4∏
i=0
(
det(1− (∧iΨ)qi−2tv|χ|)
)(−1)i+1
.
In particular,
L(ψJnK, q) =
q2n
L(ψ, q)
dn
n! dtn
∣∣∣∣
t=0
∑
χ∈(G∨n)
h
χ(b)
∏
v≥1
4∏
i=0
(
det(1− (∧iΨ)qi−2tv|χ|)
)(−1)i+1
.
Proof. The morphism ν is not natural with respect to the actions induced by ψ
since ν ◦ (ψ × ψJnK) 6= ψ[n] ◦ ν, but it commutes with the action of h× ψJnK on
A×AJnK and of ψ[n] on A[n]; this is enough for our purpose since L(ψ, q) = L(h, q).
Since ν is a finite morphism, its higher direct images vanish, so the Leray–Serre
spectral sequence yields a canonical isomorphism:
H∗(A×AJnK,C) ∼= H∗(A[n], ν∗C),
which is compatible with the actions of h× ψJnK and ψ[n], where the action of ψ[n]
on ν∗C is given at each fiber ζ ∈ A
[n] by:
(ψ[n])∗ζ : (ν∗C)(ζ)→ (ν∗C)(ψ
[n](ζ)), f 7→ f ◦ (h× ψJnK).
Since ν is a Galois covering, it is a classical result that ν∗C decomposes as a
direct sum of character sheaves over the character group G∨n of Gn = Tn(A):
ν∗C =
⊕
χ∈G∨n
LA[n],χ
where LA[n],χ is the locally constant sheaf on A
[n] with fibre C, associated to
the character χ, whose sections over an open set U ⊂ A[n] are the continuous
functions f : ν−1(U) → C (where C is given the discrete topology) such that
f(g · (a, ξ)) = χ(g)f(a, ξ) for all (a, ξ) ∈ ν−1(U) and g ∈ Gn. It follows (see
also [12, Proposition 18]) that:
H∗(A×AJnK,C) ∼=
⊕
χ∈G∨n
H∗(A[n], LA[n],χ).
The direct image n∗C decomposes similarly as a direct sum of character sheaves
over the character group G∨n of Gn = Tn(A):
n∗C =
⊕
χ∈G∨n
LA,χ
where LA,χ is the locally constant sheaf on A with fibre C, associated to the charac-
ter χ. Here we make the group Gn act by substraction on A, so the morphism p is
Gn-equivariant. With this convention, the sections of LA,χ over an open set U ⊂ A
are the continuous functions f : n−1(U)→ C such that f(g·x) = f(x−g) = χ(g)f(x)
for all x ∈ n−1(U) and g ∈ Gn.
Following [20], we denote by Lχ the locally constant sheaf on A
(n) such that
π−1Lχ ∼= LA,χ ⊠ · · · ⊠ LA,χ, and we put L
[n]
χ := ρ−1Lχ. We construct, for any
χ ∈ G∨n , an isomorphism of local systems L
[n]
χ
∼
−→ LA[n],χ as follows. Given a point
ζ = (ζ1, . . . , ζn) ∈ A
[n] and functions fi ∈ LA,χ(ζi), i = 1, . . . , n defining a section
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f1 ⊗ · · · ⊗ fn ∈ L
[n]
χ (ζ), we associate a function f : ν−1(ζ) → C defining a section
f ∈ LA[n],χ(ζ). At a point (a, ξ) ∈ ν
−1(ζ), with ξ = (x1, . . . , xn), we have ζ = a+ξ,
ζi = a+ xi for all i and
n∑
i=1
xi = 0. Choose elements a¯, x¯1, . . . , x¯n−1 ∈ A such that
na¯ = a, nx¯i = xi for i = 1, . . . , n− 1 and put x¯n := −
n−1∑
i=1
x¯i ∈ n
−1(xn). We define:
f(a, ξ) :=
n∏
i=1
fi(a¯+ x¯i).
It is easy to check that this definition does not depend on the choice of a¯, x¯1, . . . , x¯n−1,
that f ∈ LA[n],χ(ζ), i.e.:
f (g · (a, ξ)) = χ(g)f(a, ξ) = f(a− g, g + ξ) ∀g ∈ Gn,
and that this construction defines an isomorphism L
[n]
χ (ζ)
∼
−→ LA[n],χ(ζ).
Recall that ψ[n] acts on ν∗C. It is easy to check that if f ∈ LA[n],χ then
(ψ[n])∗(f) = f ◦ (h × ψJnK) ∈ LA[n],χ◦h. Let us compute the action induced on⊕
χ∈G∨n
L
[n]
χ by the isomorphisms L
[n]
χ
∼
−→ LA[n],χ. At a point (a, ξ) ∈ A×A
JnK, using
the same notation as above, we compute:
((ψ[n])∗f)(a, ξ) = f (h(a), b+ h(ξ))
= f (h(a), (b+ h(x1), . . . , b+ h(xn)))
=
n−1∏
i=1
fi
(
h(a¯) + b¯+ h(x¯i)
)
· fn
(
h(a¯) + b¯+ h(x¯n)− b
)
where the element b¯ + h(x¯n) − b ∈ n
−1(b + h(xn)) is chosen according to the
construction explained above. Thus:
(4.2) ((ψ[n])∗f)(a, ξ) = χ(b)
n∏
i=1
(fi ◦ ψ)(a¯+ x¯i).
This computation implies the following. Consider the action of the automorphism ψ
on LA,χ defined at any point x ∈ A and for any element f ∈ LA,χ(x), by the formula
ψ∗f = f ◦ ψ. It is easy to check that, if f ∈ LA,χ(x), then ψ
∗f ∈ LA,χ◦h(h
−1(x)).
Let us denote by (ψ∗)
[n]
the action of ψ induced on L
[n]
χ , such that:
(ψ∗)[n](f1 ⊗ · · · ⊗ fn) = ψ
∗f1 ⊗ · · · ⊗ ψ
∗fn.
Equation (4.2) then shows:
(ψ[n])∗(f) = χ(b)(ψ∗)
[n]
(f) ∈ LA[n],χ◦h ∀f ∈ LA[n],χ.
In other words, the action (ψ[n])∗ : LA[n],χ → LA[n],χ◦h corresponds through the
isomorphisms L
[n]
χ
∼
−→ LA[n],χ to the action χ(b)(ψ
∗)[n] : L
[n]
χ → L
[n]
χ◦h.
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Using [20, Theorem 1.2], we get linear isomorphisms:
H∗(A×AJnK,C[2n]) ∼=
⊕
χ∈G∨n
H∗(A[n], LA[n],χ[2n])
∼=
⊕
χ∈G∨n
H∗(A[n], L[n]χ [2n])
∼=
⊕
χ∈G∨n
S∗

⊕
ℓ≥1
H∗(A,L⊗ℓχ [2])

 ,
such that the action of h× ψJnK on the left hand side corresponds to the action of
χ(b)(ψ∗)
[n]
on the second line, and acts on the last line by ψ∗ on each cohomological
group, followed by a multiplication by χ(b) on each super-symmetric tensor.
An element of Hk(A×AJnK,C[2n]) has cohomological degree k−2n and conformal
weight n, an element of Hk(A,L⊗ℓχ [2]) has degree k − 2 and weight ℓ. Notation S
∗
denotes the super-symmetric algebra, where the super-structure concerns only the
cohomological degree: the weighting does not interfere with the super-structure.
The above isomorphisms respect these bigradings.
As explained in [20, p. 768], one has H∗(A,L⊗ℓχ [2]) = 0 unless L
⊗ℓ
χ = C. In order
to keep track of the weighting, we work in the space of formal series in the pa-
rameter t encoding the weight, with coefficients in the space of finitely dimensional
graded super-vector spaces. We thus have:⊕
ℓ≥1
H∗(A,L⊗ℓχ [2])t
ℓ ∼=
⊕
ℓ≥1
H∗(A,C[2])tℓ|χ|,
where |χ| denotes the order of χ in G∨n . We get finally:
⊕
n≥0
H∗(A×AJnK,C[2n])tn ∼=
⊕
χ∈G∨n
S∗

⊕
ℓ≥1
H∗(A,C[2])tℓ|χ|

 .
Let us now compute the formal series of polynomial traces
∑
n≥0
L(h× ψJnK, q)tn
using this isomorphism. First we observe that the action on the right hand side
is induced by the natural action of ψ∗, but it sends the block indexed by χ to the
block indexed by χ ◦ h. So in the computation of the trace, only those characters
which are invariant by h contribute to the trace, we denote them χ ∈ (G∨n)
h. Once
the trace of ψ∗ is computed, it is multiplied by χ(b) on each block χ to take into
account our previous computation of the action. Now the trace of ψ∗ on each super–
symmetric block can be computed using standard techniques for traces of natural
operators on bigraded super-vector spaces, for which we refer to [5, Section 3] and [9,
Lemma 6]. Denoting by Ψ the action of ψ∗ on H1(A,C), and using the fact that
H∗(A,C) =
∧∗
H1(A,C), we obtain:
∑
n≥0
L(h× ψJnK, q)q−2ntn =
∑
χ∈(G∨n)
h
χ(b)
∏
v≥1
4∏
i=0
(
det(1− (∧iΨ)qi−2tv|χ|)
)(−1)i+1
.
Since L(h × ψJnK, q) = L(h, q) · L(ψJnK, q) = L(ψ, q) · L(ψJnK) we get the expected
formula. 
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Remark 4.2. The isomorphisms of local systems L
[n]
χ
∼
−→ LA[n],χ constructed in
the proof for any χ ∈ G∨n can be understood more conceptually as follows. Since
diagram (4.1) is Gn-equivariant, cartesian, and since n is finite and unramified, we
have an isomorphism of Gn-local systems (see also [12, Proposition 18]):
ν∗C ∼= ν∗p
−1C ∼= σ−1n∗C.
Following these isomorphisms, it is easy to see that LA[n],χ
∼= σ−1LA,χ for all
χ ∈ G∨n . We have σ
−1LA,χ = ρ
−1s−1LA,χ, and it is easy to see that:
s−1LA,χ ∼= Lχ,
so finally LA[n],χ ∼= σ
−1LA,χ ∼= ρ
−1Lχ = L
[n]
χ .
As a consequence of Proposition 4.1, evaluating at q = 1 we recover the formula
stated in [9, Proposition 7], this time with the missing factors:
Corollary 4.3. Let ψ ∈ Aut(A), decomposed as ψ = tb ◦ h with b ∈ Tn(A), and
Ψ := ψ∗ : H1(A,C)→ H1(A,C). Then:
L(ψ)L(ψJnK) =
dn
n! dtn
∣∣∣∣
t=0
∑
χ∈(G∨n)
h
χ(b)
∏
v≥1
exp

∑
s≥1
det(1−Ψs)
s
tv|χ|s

 .
4.3. Application. Automorphisms of a two dimensional complex torus A were
classified by Fujiki [16]. From this we extract a list of those automorphisms whose
action on the second cohomology space H2(A,C) has prime order, and we consider
the automorphisms induced on the generalized Kummer fourfold AJ3K. To get a
complete picture, we consider all automorphisms ψJ3K with ψ = tb ◦ (±h), where h
is a group automorphism of prime order on A and tb is the translation by a 3-
torsion point b ∈ A. As an application of our formula in Proposition 4.1, we give
in each case the topological Lefschetz number and we briefly discuss the fix locus.
Details on the geometric study can be found in [24, Section 1.2]. We refer to [24,
Lemma 1.13] for a discussion of the fix loci of the iterates of the automorphisms
listed below. In complement, and in relation to the first part of this note, we refer
to [17] for a lattice-theoretical classification of these automorphisms.
4.3.1. Type 0. Assume that h = id. Clearly L(idJ3K) = 108. For b 6= 0 we get
L(t
J3K
b ) = 27, the fix locus consists of 27 points.
We have L((− id)J3K) = 60, the fix locus consists of a copy of AJ2K and 36 isolated
points; the same result holds for (−tb)
J3K if b 6= 0.
4.3.2. Type 1. The torus A = E × E′ is a product of two elliptic curves and
h = idE ×(− idE′). We have L(h
J3K) = 12, the fix locus consists of a copy of E×P1
blown up in 9 points, three copies of E(2), one copy of EJ3K and one copy of E×E.
Let b = (u, v). If u = 0 then L(ψJ3K) = 12 and the fix locus is the same as above.
If u 6= 0, we have L(ψJ3K) = 3, the fix locus consists of 3 points.
4.3.3. Type 2. The torus A = E×E
′
Z/2Z is the quotient of E × E
′ by the transla-
tion by a 2-torsion point (a, a′) with a ∈ T2(E), a
′ ∈ T2(E
′), both nonzero, and
h = idE ×(− idE′). We have L(h
J3K) = 12, the fix locus consists of a copy of A/〈h〉
blown up in 9 points, one copy of E(2) and one copy of EJ3K.
Let b = (u, v). If u = 0 then L(ψJ3K) = 12 and the fix locus is the same as above.
If u 6= 0, we have L(ψJ3K) = 3 and the fix locus consists of 3 points.
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4.3.4. Type 3. The torus is A = E×E
′
(Z/2Z)2 where (Z/2Z)
2 → E × E′ is any group
monomorphism, and h = idE ×(− idE′). We have L(h
J3K) = 12, the fix locus
consists of a copy of A/〈h〉 blown up in 9 points and one copy of EJ3K.
Let b = (u, v). If u = 0 then L(ψJ3K) = 12 and the fix locus is the same as above.
If u 6= 0, we have L(ψJ3K) = 3 and the fix locus consists of 3 points.
4.3.5. Type 4. The torus is A = E4 × E4 where E4 =
C
Z⊕iZ , and h =
(
i 0
0 i
)
. We
have L(hJ3K) = 16, the fix locus consists of four copies of P1 and 8 isolated points.
The same result holds when h is composed by a nonzero translation.
4.3.6. Type 5. The torus is A = E × E6 where E6 =
C
Z⊕ζ6Z
, with ζn is a primitive
n-th root of unity, and h =
(
1 0
0 ζ3
)
. We have L(hJ3K) = 27, the fix locus consists
of nine copies of P1, one copy of E2, three copies of EJ3K and three copies of E.
Let b = (u, v) ∈ T3(A). Denote ∆6 the image in E6 of the real line R
1+ζ6
3 . If
u = 0 and v ∈ ∆6, then L(ψ
J3K) = 27, the fix locus consists of nine copies of P1,
one copy of E2, three copies of EJ3K and three copies of E. Otherwise L(ψJ3K) = 0
but the fix locus depends on the translation. If u = 0 and v /∈ ∆6, it consists of
three copies of E(2) and three copies of E; if u 6= 0 and v ∈ ∆6, it consists of three
copies of E6; if u 6= 0 and v /∈ ∆6 the fix locus is empty: this case already appeared
in [9, Proposition 8] in the context of the construction of Enriques fourfolds.
We have L((−h)J3K) = 9, the fix locus consists of one copy of E, one copy of P1
and 7 isolated points. The same result holds when (−h) is composed by a nonzero
translation.
4.3.7. Type 6. The torus A = E×E6
Z/3Z is the quotient of E × E6 by the translation
by a 3-torsion point (a, a′) with a ∈ T3(E) \ {0} and a
′ = 1+ζ63 , and h =
(
1 0
0 ζ3
)
.
We have L(hJ3K) = 9, the fix locus consists of three copies of P1, one copy of EJ3K
and one copy of E.
Let b ∈ T3(A), it can be written as b = (u, v) +
t
3 (a, a
′) with u ∈ T3(E),
v ∈ T3(E6) and t ∈ {0, 1, 2}. If t = 0 and u ∈ Za then L(ψ
J3K) = 9, the fix
locus consists of one copy of EJ3K, three copies of P1 and one copy of E. Otherwise
L(ψJ3K) = 0 but the fix locus depends on the translation. If t = 0 and u /∈ Za, it
consists of one copy of E6, if t 6= 0 the fix locus is empty.
We have L((−h)J3K) = 9, the fix locus consists of one copy of P1 and 7 isolated
points. The same result holds when (−h) is composed by a nonzero translation.
4.3.8. Type 7. The torus is A = E6 × E6 and h =
(
ζ3 0
0 ζ3
)
. Here L(hJ3K) = 36,
the fix locus consists of a copy of the minimal resolution of A/〈h〉 and 21 isolated
points.
Let b = (u, v). If b ∈ ∆6 ×∆6, then L(ψ
J3K) = 36 and the fix locus is the same
as above, otherwise L(ψJ3K) = 27 and it consists of nine copies of P1 and 9 isolated
points.
We have L((−h)J3K) = 12, the fix locus consists of one copy of P1 and 10 isolated
points. The same result holds when (−h) is composed by a nonzero translation.
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4.3.9. Type 8. The torus is A = C2/Λ where Λ is the lattice generated by the four
vectors:
(1, 1), (ζ5, ζ
2
5 ), (ζ
2
5 , ζ
4
5 ), (ζ
3
5 , ζ5),
and h =
(
ζ5 0
0 ζ25
)
. We have L(hJ3K) = 13, the fix locus consists of one copy of P1
and 11 isolated points. The same result holds when h is composed by a nonzero
translation.
We have L((−h)J3K) = 5, the fix locus consists of 5 points. The same result holds
when (−h) is composed by a nonzero translation.
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